IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: REGULAR PAPERS, VOL. 56, NO. 12, DECEMBER 2009

2689

Global Uniform Synchronization With Estimated
Error Under Transmission Channel Noise
Bin Liu, David J. Hill, Fellow, IEEE, and Jian Yao, Member, IEEE

Abstract—This paper investigates the problem of estimating synchronization errors and its application to global uniform synchronization with an estimated error bound for the master–slave chaos
synchronization scheme via linear control input, which is possibly
subject to disturbances by unknown but bounded channel noise
and time-delay. Based on Lyapunov function, Razumikhin technique, nonlinear parametric variation, and input-to-state stability
(ISS) theory, estimation formulas of synchronization errors with or
without time-delays but with noise in transmission channel (TC)
are derived. By using the error estimation formula, the maximal
upper bound for time-delays is also obtained. These formulas can
be used to design a control gain matrix which forces the synchronization error to the minimal value. Meanwhile, theoretical discussion is made by comparing Lyapunov–Krasovskii function method
with respect to time-delays in TC. After the theoretical analysis,
some representative examples and their numerical simulations are
given for illustration.
Index Terms—Chaotic synchronization, error bound, global exponential synchronization, global uniform synchronization, ISS,
Razumikhin technique, synchronization error, time-delay.

I. INTRODUCTION
HAOTIC synchronization has attracted increasing attention due to its great potential in applications such as
biological systems (neural network functioning, brain activities, heartbeat regulation, etc.), oscillator design, vibrating
wave generation, mechanical resonance, spatiotemporal pattern
formation, and secure communications. Many strategies and
methods for chaotic synchronization have been developed
since the early 1990s [1]–[9], among which feedback control
is especially attractive and effective. Many results on chaotic
synchronization via feedback control are now available in the
literature [10]–[13].
It has been noticed, however, that when chaotic synchronization is applied in engineering applications such as communications, the major shortcoming of many recently proposed
chaos-based communication schemes is their susceptibility to
noise and time-delays through the transmission channel (TC).
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Channel noise may be present in different forms and usually destroys good properties of the synchronized systems. Moreover,
time delays occur commonly in synchronization scheme and
other practical engineering systems due to the congestion of
the network traffic and the fact that the switching speed of the
hardware and circuit implementation is finite. Just as channel
noise, time-delays also leads to failure of a synchronization
scheme and instability of stable systems. When there exist
channel noise and time-delays in TC, it’s almost impossible
to synchronize completely master–slave systems. It is therefore important to synchronize master–slave systems within
an error bound. Although robust synchronization in the case
of parameter mismatch in nonidentical Lur’e chaotic systems
and dynamical networks have been investigated [15]–[22],
[30]–[33], there are very few theoretical results for chaotic
synchronization in which the channel is disturbed by unknown
noise and time-delays. To the best of our knowledge, no general
theory has been formulated for the estimation of synchronization errors subject to unknown channel noise and time-delays.
It should be noted that, in the literature, Lyapunov–Krasovskii
function method is often used to analyze the delay-dependent
stability properties for time-delayed systems. Recently, in
[34]–[37], delay-dependent asymptotical synchronization criteria for Lur’e systems are established by using this kind of
Lyapunov function. In this paper, we employ Razumikhin
technique and input-to-state stability (ISS) theory to investigate the synchronization issue with respect to TC noises and
time-delays. Compared with Lyapunov–Krasovskii function
method, Razumikhin technique has advantage that, when
dealing with time delays, the Lyapunov function is not required
to be decreasing on the whole state space. The Razumikhin
technique has also been applied successfully by various authors
to study of stability problem for time-delayed systems, see,
for instance, [38]–[44]. There has difficulties in using Lyapunov–Krasovskii function to analyze ISS or synchronization
issue under TC disturbances and time-delays. The reason is
that Lyapunov–Krasovskii function often has complex structure (it is a sum of a quadric positive definite function and
several nonnegative functions with integration) and thus it is
hard to derive ISS properties and the error estimation formula
of error system. Moreover, most results obtained by using
Lyapunov–Krasovskii function are asymptotic stability, not
exponential stability. Thus, even for synchronization scheme
with no noise but with time-delays in TC, it is also hard to
derive the exponential synchronization criterion by using Lyapunov–Krasovskii function.
In this paper, a chaotic synchronization problem subject to
noise disturbances and time-delays in TC is considered for
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chaotic systems. More precisely, the estimation problem of
synchronization errors is studied, where the channel is subject
to unknown but bounded noise disturbances and time-delays, for a setting of master–slave chaotic synchronization.
We aim to investigate and estimate the synchronization error
and achieve exponential synchronization when there is no
TC noises. The exponential synchronization scheme has an
obvious advantage over other synchronization schemes, in
which the synchronization speed and synchronization time can
be estimated easily. By employing the methods of Lyapunov
function, Razumikhin technique and ISS theory for nonlinear
systems, estimation formulas of synchronization errors with
or without time-delays in TC are derived. The maximal above
bound for time-delays is also estimated such that it can be
used to design a linear feedback control input which forces
the synchronization error to the minimal value. Moreover, a
global exponential synchronization criteria is derived for the
noise-free but with time-delays situation. Meantime, in the
case of time-delays in TC, theoretical discussion is made by
comparing Lyapunov–Krasovskii function method. Examples
and simulations are given to illustrate the theoretical results.
The rest of this paper is organized as follows. In Section II,
the master–slave synchronization scheme for chaotic systems is
first formulated, subject to unknown but bounded noise disturbances and time-delays in TC. The approach to achieve synchronization via linear control input is also proposed in this section.
Then, in Section III, estimation formulas of synchronization errors with or without time-delays but with channel noise in TC
are established respectively. In Section IV, some representative
examples are given for the purpose of illustration.
II. PRELIMINARIES AND PROBLEM FORMULATION
denotes the -dimensional Euclidean space
In the sequel,
. A function
is of classand
if it is continuous, zero at zero and strictly increasing. It
if it is of class- and unbounded. A continuous
is of classis of classif
is of
function
and
is monotonically decreasing
class- for each
. A function
is of
to zero for each
is continuous and continuously differentiable
class- if
. Let
stand for the Euclidean norm in
.
on
, define by
,
Given a constant
and
, define by
and for all
,
and
.
In applications, when the signals are transmitted from the
master system to the slave system, the TC is unavoidably contaminated with noise. Here, we formulate this type of chaotic
synchronization scheme as follows.
The master system

Fig. 1. The synchronization framework subject to noise and delay.

The slave system

(2)
where if there is time-delay in TC or network, the signal
is transmitted to slave system at time
, otherwise, signal
is transmitted to slave system
is the control input which is in one of the following forms:
(3)
where
is the time-delay in TC from the master system to
the time-delay in slave
the slave system at the time , and
for all
system at time , satisfying
and some constant
where
or
; and
the noise at time , which is
assumed to be unknown but bounded, i.e.,
.
Remark 2.1: Fig. 1 depicts the entire setting with noise disturbances with or without time-delays. In this synchronization
is designed to put on the
scheme, the control gain matrix
output part of both systems (master and slave systems) in order
to avoid enlarging the noise . In the literature, the linear error
feedback scheme is often used to achieve the synchronization.
In this case, if there exists noise in TC, then, it leads to
and hence the noise is enlarged by the control gain .
. If
Define the synchronization error as
there is no time-delay in TC, then, one has an error dynamical
system of the form
(4)
where

. Denote by
the solution of (4) such that
,
and are the initial condition of system (1) and (2),
where
respectively.
If there exist time-delays for signal in TC, then, one can
rewrite error system (4) as follows:

(1)
(5)
where

where
is a nonsingular output gain matrix, and
control gain matrix.

is a

. Denote by
that

or
, for all
the solution of (5) such
, where
and
are the initial
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condition of system (1) and (2), respectively, satisfying
.
Definition 2.1: The noise-free synchronization scheme
(1)–(3) is said to achieve global exponential synchronization if,
for any initial condition
, the trivial solution
of the
error dynamical system (4) is exponentially stable, in the sense
, such that
that there exist two positive numbers,
(6)
for the case of time-delay with the initial condition
), the noise-free synchronization
scheme (1)(1)–(3) is said to achieve global exponential synchronization if
(7)
where
.
Definition 2.2: The synchronization scheme (1)–(3) with
noise in TC is said to achieve global uniform synchronization with an error bound if for any initial condition there
exists a
such that
for all
i.e.,
.
Assumption 2.1: The noise may be unknown but satisfies
and
.
Assumption 2.2: There exists a positive real constant
such that for any initial condition
there exists a time
satisfying

Assumption 2.3: satisfies the Lipschitz condition uniformly
,
with respective to the second variable, namely, for some
such that
for all

(8)

Remark 2.2: Many chaotic systems can be rewritten in form
. From the boundedness
of Lur’e system:
of chaotic system, i.e.,
, function
often satisfies (8) for some
and any
. Hence, assumption
Assumptions 2.2–2.3 is rational.
The main objective of this paper is to estimate the bound of
the synchronization error
and hence investigate global
uniform synchronization with , as specified in Definition 2.2,
when the TC is contaminated with unknown but bounded noise
and possible time-delays. To do so, we need the following
preliminaries.
and
. If
implies
Lemma 2.1: [26] Let
that the Dini derivative
, then there exists
(independent of ) with
such that
(9)
The following is a key lemma in obtaining our result given
in Section III-B. Its proof is similar to the proof of Razumikhin-type exponential stability theorems for impulsive
time-delay systems (see [23]).
Lemma 2.2: For a time-delay system
(see
[23]), assume that the uniqueness and existence of solution for
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the system is guaranteed and there exists a function
and there exist constants
such that the following conditions hold:
;
i)
ii)
, for all
, whenever
for
.
Then system
is global exponential stable and
, where
its Lyapunov exponent should not be greater than
.
III. MAIN RESULTS
In this section, the estimation problem of synchronization errors is studied in two parts. The first part aims to investigate the
case with no time-delays in TC while the second part studies
the case with time-delays. The synchronization error formulas
under which the uniformly synchronizing with an error bound
achieves are derived.
A. Error Estimation and Uniform Synchronization for the
Case With No Time-Delays in TC
Theorem 3.1: Let
, where is the control
gain matrix, and Assumptions 2.1–2.2 hold and also assume that
and a
there exist a positive definite and symmetric matrix
such that
positive constant
(10)
.
where
Then, the noise-free synchronization scheme (1)–(3)
achieves global exponentially synchronizing and the actual synchronization scheme (1)–(3) with noise achieves
global uniform synchronization with an error bound
.
and
denote the soluProof: Let
. By (10), one
tion of (4) passing through the initial point
has

(11)
(12)
is some positive constant satisfying
where
Hence, if there exists no noise in the TC, i.e.,
by (11), we have

.
, then

(13)
which implies that
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and hence the noise-free synchronization scheme (1)–(3)
achieves global exponential synchronization.
in the TC,
On the other hand, if there exists noise
then, from (12), when
, where
, then
(14)
By Lemma 2.1, we get that there exists a function
with
such that
(15)
Thus, we have

(16)
where
, and
For function
achieves the maximal value:
, then, it follows from (16) that

Therefore, the estimation of

By letting

with
.
, when

will be higher. Hence, an optimal synchronization scheme can
be synthesized into the following problem:

where
and
are some positive definite matrices.
This is an interesting and meaningful problem.
and
In the following, considering the case
is a differentiable function, we investigate the error estimation
by using nonlinear parametric variation technique.
and is differenTheorem 3.1*: Assume
tiable and Assumptions 2.1–2.3 hold. And suppose that the conis chosen such that
trol gain matrix

(22)
where
is the Jacobian matrix of function .
Then, the noise-free synchronization scheme (1)–(3) is
exponentially synchronizing and the actual synchronization
scheme (1)–(3) with noise is uniformly synchronizing with an
, where
error bound

, it
. Thus, let

(17)

Proof: Obviously, for any
is a symmetric matrix. Hence, there exists an orthogonal matrix
such that

(18)

where
is an eigenvalue of
.
is a continuous function of the
Also, for
. Hence,
entries in matrix
exists in the bounded and closed set .
From the properties of a symmetric matrix, one has

satisfies (17) with

, we get that
(19)

Hence, the actual synchronization scheme (1)–(3)
achieves global uniform synchronization with an error
. The proof is
bound
thus complete.
Remark 3.1:
If there exist a positive definite matrix
and a positive constant
such that condition (10) is replaced by:
(20)
then, the results of Theorem 3.1 still hold.
In the theoretical, for a given error bound
orem 3.1, if there exists a control gain matrix
definite matrix such that
and
with
ample, let
, then,

, by Theand positive
(for ex-

(23)
First, we show that the noise-free synchronization scheme
(1)–(3) achieves exponentially synchronizing.
denote the solution of error system (4)
Let
. That is,
satisfies
under
(24)
where
Let

.
, then,

(21)
It should also be noticed that if is smaller, then it needs the
control gain (or ) to be larger, which means the control cost

satisfies
(25)

where
Clearly, by Assumption 2.3,

.
.

Authorized licensed use limited to: European Commission - Joint Research Centre. Downloaded on August 02,2010 at 07:28:16 UTC from IEEE Xplore. Restrictions apply.

LIU et al.: GLOBAL UNIFORM SYNCHRONIZATION WITH ESTIMATED ERROR

2693

From (23), we get that all conditions of Theorem 2.1 in [46]
are satisfied and thus it yields that

Corollary 3.1*: If the controller matrix is designed as
, i.e.,
, where the constant satisfies

(26)
This implies that the noise-free scheme (1)–(3) is exponentially
synchronizing.
.
Second, we estimate the error
Comparing the system (24) with its perturbed system (4), by
Theorem 2.2 in [46], one has

then the synchronization error has the following bound:

where

(27)
Since
, for any sufficiently small
such that for
there exists a

with

,

(28)
By (27)–(28), for

, one has

(29)

(30)
and the synchronization error

(31)
Letting

Proof: It is a direct consequence of Theorem 3.1*.
Remark 3.1*: In Theorems 3.1–3.1*, two kinds of synchronization error estimation formulas have been proposed under
which the uniform synchronization with an error bound can
be achieved. The synchronization error estimation formula obtained in Theorem 3.1 is derived by using the Lyapunov function method, while the error estimation formulas in Theorem
3.1* and Corollary 3.1* are obtained by using the variation of
parameters. The results in Theorem 3.1 may be relatively conservative due to many inequalities and Lemma 2.1.
B. Error Estimation and Uniform Synchronization for the
Case With Time-Delays in TC
In this subsection, it is to study the synchronization error estimation problem in case of time-delays.
Case 1: There is no time-delay in slave system .
If there is time-delay in TC but no time-delay in slave system
, then, the error system (5) be rewritten by
(34)

By the Gronwall-Bellman inequality, for

Finally, we estimate
bound.
It follows from (30) that

.

yields
(32)

Theorem 3.2: Let
, where is the control
gain matrix, and Assumption 2.1 and Assumption 2.3 hold and
also assume that there exist a positive definite and symmetric
such that (10) holds.
matrix and a positive constant
Then, the noise-free synchronization scheme (1)–(3) achieves
uniform synchronizing with an error bound

and the actual synchronization scheme (1)–(3) with noise
achieves global uniform synchronization with an error bound
shown at the top of the next page.
and
denote the soProof: Let
. Denote
lution of (34) passing through the initial point
. By (10) and similar Proof of Theorem 3.1, one has

The exponential synchronization under free-noise implies that
. Hence, from (32), one has

(33)
The proof is thus complete.

(35)
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are some positive
and
.
is Lipschitz, we have

constants

satisfying

where

For function
, it achieves the maximal value:
Thus, it follows from (41) that

.
(42)

(36)
where
.
, then
Thus, if there exists no noise in the TC, i.e.,
by (35)–(36) and similar proof of (17) in Theorem 3.1, we have

, when

where

Thus, we have
(37)
where

, which implies that

(43)
where

(38)
Hence, the actual synchronization scheme (1)–(3) achieves
global uniform synchronization with an error bound
On the other hand, if there exists noise
then, from (35)–(36), we get

, we obtain

.
in the TC,

(39)
Thus, when

where

with
.
Therefore, letting

, then
(40)

By Lemma 2.1, we get that there exists a function
with
such that
(41)

(44)
Hence, the actual synchronization scheme (1)–(3) achieves
global uniform synchronization with an error bound shown at
the bottom of the page. The proof is thus complete.
Case 2: There is time-delay in slave system .
In this part, we investigate the case that there is time-delay
in TC and in slave system by using the ISS results established for nonlinear systems [24]–[29]. We consider the following problem:
Problem formulation: If we have designed some control gain
matrix such that the noise-free and time-delay-free synchronization scheme (1)–(3) achieves global exponential synchrosuch that
nization, does there exist a positive constant
, the synchronization scheme (1)–(3) with
for any
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noise and time-delays in TC achieves global uniform synchronization with an estimated error bound under the control input
?
If there is time-delay in TC and in slave system , then, the
error system (5) be rewritten by
(45)
Theorem 3.3: Let
and Assumption 2.1
and Assumption 2.3 hold, and also assume that there exist a
positive definite and symmetric matrix and a positive constant
satisfying
(46)
of (45), inequality (10)
such that, for any solution
holds. Then, the noise-free synchronization scheme (1)–(3)
achieves global exponential synchronization and the actual
synchronization scheme (1)–(3) with noise and time-delays
in TC achieves global uniform synchronization with an error
bound
.
and
Proof: Let Lyapunov function be
denote the solution of (45) satisfying
. Denote
the initial condition
, and without loss of generality, denote
. Since
is Lipschitz, we
have

2695

, there exists a positive number
such that
Since
. Hence, if there exists no noise in the TC, i.e.,
,
, we have
then by (48), if
(49)
It follows from Lemma 2.2 that
(50)
.
where
Hence, the noise-free synchronization scheme (1)–(3)
achieves global exponential synchronization.
, define two functions
On the other hand, if
as: for any

(51)
where

satisfy

(52)
where
If
from (48) and (51)–(52) that

.
, then it follows

(53)
where
(47)
It follows from (45) and (47) that

for all
.
and
for all
From (52)–(53), we get that
. Hence, by Theorem 2 in [26], we get that the system (45)
and hence there exists a function
is ISS with gain
with
such that

(54)
with

(48)
where

, and
.

(55)
where

satisfying (52).
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By letting
that

and

, we get

(56)
Then, the actual synchronization scheme (1)–(3) achieves
global uniform synchronization with an error bound
. The proof is complete.
Remark 3.2:

Let
(57)

is a upper bound for the time-delay
Then, by Theorem 3.3,
the actual synchronization
such that for any
scheme (1)–(3) provides global uniform synchronization with
an error bound
.
In Theorem 3.3, if
for all
, i.e.,
,
then, the results of Theorem 3.1 can be derived from Theorem
3.3. Hence, Theorem 3.3 is the generalization of Theorem 3.1.
. Let Assumptions 2.1 and
Corollary 3.1: Let
of time2.3 hold, then, there is a maximal upper bound
delay:

(58)
, and for any control gain matrix
such that, for any
with
, the actual synchronization
scheme (1)–(3) achieves global uniform synchronization with
an error bound
.
, the
Moreover, for any fixed satisfying
control gain matrix
with
will achieve global uniform synchronization with an minimal
error bound
.
, then,
and hence
Proof: Since
by Assumption 2.3, we get

Note for

reaches its maximal value at
it is strictly decreasing for
Therefore, by setting

, the function

and

and
.

, then

.
of signal in TC satisfying
and for any
,
achieves global uniform
the linear controller
synchronization with an error bound
.
, then, the function
Moreover, if
reaches
its minimal value
at
, where
.
The proof is complete.
Remark 3.3: Note that the maximal upper bound
of
.
time-delay is independent of linear control input
It is only determined by the property of the system used for synchronization scheme. Meantime, Corollary 3.1 can be used to
design a linear control input so that the synchronization error
achieves the minimal value.
Remark 3.4: In the literature, if the stability issue is investigated for time-delayed systems, the Lyapunov–Krasovskii function is often used to derive the delay-dependent stability criteria.
Recently, in [34]–[37], delay-dependent asymptotical synchronization criteria for Lur’e systems are established by using this
kind of Lyapunov function. The Lyapunov–Krasovskii function
is often in form of
Hence, for any time-delay

(61)
are nonnegative
where is positive definite matrix and
definite matrices. In the following, in order to make some comparison between Lyapunov–Krasovskii function approach and
Razumikhin technique, we employ Lyapunov–Krasovskii function method to analyze the same synchronization issue. Similar
to [36], we take a Lyapunov–Krasovskii function as
(62)
where for some positive constants

(59)
which implies that
.
Hence, it follows from Theorem 3.3 and Remark 3.2 that
(60)
is the upper bound of time-delay such that for any
the actual synchronization scheme (1)–(3) is global uniform
synchronization with an error bound
.

Rewrite the error system (45) as
(63)
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where
. Then, by
taking the time derivative along the error system (63) and using
,
inequalities in [45], for some positive constants
we obtain
(64)
where

Thus, if the TC is noise-free and is a negative definite maand constants
, i.e.,
trix for some
and
, then, the error system (63) is asymptotically stable and hence asymptotical synchronization under the
and
control scheme can be achieved. Moreover, by using
can be estimated.
LMI technique, the maximal time-delay
, i.e.,
,
For example, if we take
, then, we have
and
. From
and by using the similar analysis in Corollary 3.1, we can
and the maximal time-delay .
estimate the control gain
However, it should be noted that there are two aspects of difficulties in using Lyapunov–Krasovskii function to analyze ISS or
synchronization issue of time-delays systems under the external
,
disturbances. The first one is: under the TC noise
, it is hard to derive
as it can be seen from (64), even
. The reason is that the Lyathe error estimation formula of
punov–Krasovskii function often has complex structure (it is a
sum of a quadric positive definite function and several nonnegative functions with integration) and thus it is hard to use Lemma
2.1 to derive ISS properties of error system (63). The second
one lies in: most results obtained in the literature by using Lyapunov–Krasovskii function are asymptotically stable, not exponentially stable. Thus, even for synchronization scheme under
, it is also hard to derive the exponoise-free TC, i.e.,
nential synchronization criterion and the synchronization speed
expressed by Lyapunov exponent. But from Theorem 3.3 and
Corollary 3.1, by making use of the Razumikhin type Lemma
2.2 and combining the ISS type Lemma 2.1, the error estimation
and exponential synchronization criteria and the
formula of
Lyapunov exponents are all obtained.
Case 3: Extension to the general case: there is time-delay
in slave system .
If there is time-delay in TC and time-delay
in slave system , then, the error system (5) be rewritten by:
(65)
and AsTheorem 3.4: Let
sumption 2.1 and Assumption 2.3 hold, and also assume
that there exist a positive definite and symmetric maand a positive constant
satisfying (46)
trix
of (65), inequality (10)
such that, for any solution
holds. Then, the noise-free synchronization scheme (1)–(3)
achieves global synchronization with an error bound

2697

, and the
actual synchronization scheme (1)–(3) with noise and time-delays in TC achieves global uniform synchronization with an
error bound
.
and
Proof: Let Lyapunov function be
denote the solution of (65) satisfying
. Denote
the initial condition
, and without loss of generality, denote
. Since is Lipschitz, we have

(66)
and

(67)
It follows from (65) and (66)–(67) that

(68)
where
, and
.
By the similar proofs as in Theorem 3.2 and Theorem 3.3, we
can derive all the results. The details are omitted here. The proof
is complete.
IV. EXAMPLES
In this section, two representative examples are given for illustration. Here, the numerical simulation procedure is coded
and executed by using the Runge-Kutta integration rule with
adaptive step size (ode23 in Matlab).
Example 4.1: Consider the chaotic Chua’s circuit [5]

(69)
where

.
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Fig. 2. Attractors of master system (up) and slave system (down).

It is well known that with parameters
for which the sector condition is
, i.e., with slope
, the circuit generates a double-scroll
attractor.
Chua’s circuit can be represented in a general Lur’e form:
, with
, and

be sufficiently large, the
Therefore, by setting
synchronization error will be sufficiently small and less than
.
In simulations, initial values are
. Let
, then, for suf. Some noise
ficiently large
. The noise is uniis added, in which
, generated by using
formly distributed on
in Matlab. The attractors of the
master and slave systems and the errors of synchronization are
shown in Figs. 2–3, respectively, from which one can observe
that all the synchronization errors are less than 0.015, consistent
with the results of Theorem 3.1.
Example 4.2: Consider Colpitts’ oscillator [10]

(73)
For any

, one has

where
chaotic.
Letting

. With parameters
, and
, the system is
convert Colpitts’ oscillator to

(70)
Thus,
Set

(74)

.
, and

, then

where
and
For any

, one has

(75)

(71)
Hence, if there is no time-delay in TC and slave system , then,
by Theorem 3.1, for sufficiently large , one obtains an estimation of the synchronization error as

where

. Hence,
, and Note that,
, and

. Set
, then

(72)
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Fig. 3. Synchronization errors with k! k

= 0:1.

(76)
Hence,

with

satisfying
(77)

Then, if there is time-delay in TC and slave system , then, by
Theorem 3.3, for sufficiently large , the synchronization error
satisfies

Moreover, by Corollary 3.1, the maximal time-delay satisfies
(78)
By [12],
losing

the
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. Moreover, we calculate that
. In simulations, without
generality, we set the initial conditions
whenever

.
synchronization error will satisfy
The attractors of the master and slave systems and the errors
of synchronization are shown in Figs. 6–7, respectively, from
which one can observe that all the synchronization errors are
less than 0.005, consistent with the result obtained above:
based on Corollary 3.1.
Remark 4.1: Examples 4.1 and 4.2 validate and demonstrate
the theoretical results obtained in this paper. From Example 4.2,
one can see that the estimation of synchronization errors and
maximal time-delay indeed help the design of the linear control
input to achieve uniform synchronization within a given error
bound. Moreover, from Example 4.2, for the same TC noise
, if we enlarge the control gain and reduce the time-delay
, then, the smaller error
will be achieved.
Remark 4.2: By Remark 3.4, if the TC is noise-free, i.e.,
, we can employ the Lyapunov–Krasovskii function
in form of (62) to investigate the asymptotical synchronization.
, we set
in (64). From the expresSince
is not a LMI.
sion of in (64), it should be noticed that
In order to use LMI technique and make a comparison with the
results in Example 4.2, we use the same controller designed in
under these assumptions,
Example 4.2. Solving the LMI
we get

and
. Some noise is added.
,
The noise is uniformly distributed on
in
generated by using
, then, by Corollary 3.1, we get
Matlab. First, let
, and for sufficiently large
, the synchronization error will satisfy
.
The attractors of the master and slave systems and the errors
of synchronization are shown in Figs. 4–5, respectively,
from which one can observe that all the synchronization
errors are less than 0.02, consistent with the result obtained
based on
above:
, then, by Corollary
Corollary 3.1. Then, letting
, and for sufficiently large , the
3.1, we get

and the parameters
,
. Hence, by Remark
and the maximal time-delay
3.4, if the TC is noise-free, then, the asymptotical synchronization can be achieved within the maximal time-delay
. One can see from here that the maximal
derived by using the Razumikhin
time-delay
technique in Example 4.2 is larger than that obtained by Lyapunov–Krasovskii function approach. Moreover, by using the
Razumikhin technique, we can conclude that synchronization
under noise-free is exponential and the synchronization error
under the channel noise can also be easily estimated.
Remark 4.3: Here, we take Example 4.2 to make a comparison between Theorem 3.1 and Theorem 3.1*. In Example 4.2,
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Fig. 4. Attractors of the master system and the slave system with

Fig. 5. Synchronization errors with

H = I; K = 040:6092I; = 0:0102, and k! k = 0:1.

H = I; K = 040:6092I; = 0:0102, and k! k = 0:1.

Fig. 6. Attractors of the master system and the slave system with

H = I; K = 0138:0712I; = 0:003, and k! k = 0:1.

when the TC is noise-free, by (76)–(77), we get that the control
by Theorem 3.1,
gain coefficient must satisfy
by Theorem 3.1*. Moreover, for a given ,
while
, then,
we get the error estimation. For example, setting
by Theorem 3.1,
for a sufficient large
by Theorem 3.1*. Hence, in Exwhile

ample 4.2, the results obtained by Theorem 3.1* is less conservative than that obtained by Theorem 3.1.
V. CONCLUSION
In this paper, global exponential synchronization and global
uniform synchronization with an estimated error bound have
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Fig. 7. Synchronization errors with
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H = I; K = 0138:0712I; = 0:003, and k! k = 0:1.

been investigated for the master–slave chaotic synchronization
scheme via linear output control, possibly subject to unknown
but bounded noise disturbances and time-delays in TC. By
employing the methods of Lyapunov function, Razumikhin
technique and ISS for nonlinear systems, estimation formulas
for the synchronization error bounds have been derived. A
maximal upper bound for time-delays was also estimated such
that for any time-delay which is less than the maximal upper
bound a linear output control is designed so that the synchronization error achieves the minimal value, even in the case
with unknown but bounded noise disturbances and time-delays
in TC. Meantime, a Razumikhin-type exponential stability
theorem with Lyapunov exponent estimation for time-delay
systems is also derived. The comparison between Razumikhin
technique and Lyapunov–Krasovskii function method is also
made. From theoretical analysis to numerical example, it shows
that Razumikhin technique is efficient and less conservative.
Two examples, namely, the chaotic Chua’s circuit and Colpitts’
oscillator, were presented, validating and also demonstrating
the effectiveness of the theoretical results of the paper.
The methods and results obtained in this paper will be useful
in the analysis and estimation of state errors for other kinds
of systems such as network controlled systems and data-sampled systems, which is subject to disturbances by unknown but
bounded channel noise and time-delays.
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